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ON THE VALUES OF UNIPOTENT CHARACTERS OF FINITE
CHEVALLEY GROUPS OF TYPE E6 IN CHARACTERISTIC 3
JONAS HETZ
Abstract. Let G be a finite Chevalley group. We are concerned with com-
puting the values of the unipotent characters of G by making use of Lusztig’s
theory of character sheaves. In this framework, one has to find the transfor-
mation between several bases for the class functions on G. In principle, this
has been achieved by Lusztig and Shoji, but the underlying process involves
some scalars which are still unknown in many cases. We shall determine these
scalars in the specific case where G is one of the groups E6(q),
2E6(q), and q
is a power of the bad prime p = 3 for E6, by exploiting known facts about the
representation theory of the Hecke algebra associated with G.
1. Introduction
Let G be a simple Chevalley group of type E6 over the algebraic closure k = Fp
of the field with p elements (for a prime p). Assume that G is defined over the finite
subfield Fq of k, where q is a power of p, so the Fq-rational points on G constitute
the corresponding finite group of Lie type G(q) = G(Fq). We are concerned with
the problem of computing the values of the ordinary irreducible characters of G(q).
To this end, Lusztig’s work [23], [25]-[29] is of paramount importance. On the one
hand, it can be exploited to directly find the values of irreducible characters of
G(q) on unipotent elements provided the characteristic of k is good for E6 (that
is, p 6= 2, 3), using the results of [2] and the algorithm in [36] for computing the
Green functions. On the other hand and more generally, it basically allows a re-
formulation of the task: In this setting, one has to determine the transformation
between the irreducible characters of G(q) and a further basis of the class functions
on G(q), namely the characteristic functions of suitable “character sheaves” on G.
More concretely, Lusztig [23, 13.7], [29] conjectured that any such characteristic
function coincides up to multiplication by a root of unity with an appropriate “al-
most character” of G(q), that is, an explicitly known linear combination of the
irreducible characters. This conjecture has been proven by Shoji [37], [38] under
the assumption that the center of G is connected. However, the exact values of the
scalars relating characteristic functions of character sheaves and almost characters
need to be specified.
Using this machinery, these scalars are determined for “cuspidal” unipotent charac-
ter sheaves in [11] when p = 2. As mentioned in [11, 6.6], the cases where p is a
good prime for E6 can be approached similarly (see also [30]), but the argument
there does not work for p = 3.
The purpose of this paper is to specify the scalars relating characteristic functions
of cuspidal unipotent character sheaves and the corresponding almost characters of
G(q) when q is a power of p = 3. This will enable us to describe the values of the
unipotent characters (as defined in [6]) at unipotent elements up to a few unknown
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signs occuring in Lusztig’s algorithm for the computation of Green functions. Since
the Green functions for the non-twisted group E6(q) have been computed in [34]
via explicit induction of characters from various subgroups, it then actually only
remains to identify the missing signs for the non-twisted group 2E6(q).
1.1. Notation. From now on, except in Section 3, G denotes a simple Chevalley
group of type E6 over k = F3, an algebraic closure of the field with 3 elements.
Assume that G is defined over Fq, q = 3
f for some f > 1, and let F : G → G be
the corresponding Frobenius map. Throughout, we fix an F -stable Borel subgroup
B ⊆G and an F -stable maximal torus T ⊆ B. Let R = (X,R, Y,R∨) be the root
datum attached to G (and T), see [14, 1.2, 1.3]. Here, X = X(T) = Hom(T,k×)
is the group of rational characters of T, Y = Y (T) = Hom(k×,T) the group of
rational cocharacters, R ⊆ X are the roots and R∨ = {α∨ | α ∈ R} ⊆ Y the
coroots of G with respect to T. The underlying perfect bilinear pairing is denoted
〈 , 〉 : X × Y → Z. Then B determines the positive roots R+ ⊆ R and in turn the
simple roots Π := {α1, . . . , α6} ⊆ R
+ and simple coroots Π∨ := {α∨1 , . . . , α
∨
6 }. We
choose the order of α1, . . . , α6 in such a way that the Dynkin diagram of E6 is as
follows:
E6
α1
α2
α3 α4 α5 α6
LetC := (〈αj , α
∨
i 〉)16i,j66 be the corresponding Cartan matrix andW := NG(T)/T
be the Weyl group of G. The conjugation action of NG(T) on T induces an action
ofW on X which allows us to identify W with a subgroup of Aut(X). ThenW can
be viewed as a Coxeter group of type E6 with Coxeter generators S = {s1, . . . , s6},
where si = wαi ∈ Aut(X) (1 6 i 6 6) are given by
si(λ) = λ− 〈λ, α
∨
i 〉αi for λ ∈ X.
Furthermore, let U := Ru(B) be the unipotent radical of B. Then B is the semidi-
rect product of U and T (with U being normal in B). Now T is F -stable, hence so
is NG(T), and F induces an automorphism on W which we denote by σ : W → W .
On the other hand, F also induces a group homomorphism ϕ : X → X , λ 7→ λ◦F |T,
and this defines a p-isogeny of root data as in [14, 1.2.9]: There is a permutation
R → R, α 7→ α†, such that ϕ(α†) = qα for all α ∈ R, see [14, 1.4.26]. Here,
the assignment α 7→ α† restricts to a graph automorphism of the Dynkin diagram,
so there are two possible cases: Either α 7→ α† is the identity (then GF is the
untwisted group E6(q) and σ = idW ), or else it is a map of order 2 (then G
F
is the twisted group 2E6(q) and σ : W → W is the inner automorphism given by
conjugation with the longest element w0 of W ).
We will be concerned with characters of the finite group of Lie typeGF in character-
istic 0. As usual in the ordinary representation theory of finite groups of Lie type, we
consider representations and characters over Qℓ, an algebraic closure of the field of
ℓ-adic numbers, for a fixed prime ℓ different from p. Thus given a finite group Γ, let
CF(Γ) be the set of class functions Γ→ Qℓ and let 〈f, f
′〉Γ := |Γ|
−1
∑
g∈Γ f(g)f
′(g)
(f, f ′ ∈ CF(Γ)) be the standard scalar product on CF(Γ), where bar denotes a field
automorphism of Qℓ which maps roots of unity to their inverses. We denote by
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Irr(Γ) ⊆ CF(Γ) the subset of irreducible characters of Γ, which form an orthonor-
mal basis of CF(Γ) with respect to this scalar product. Now let Γ = GF and
consider the subset Uch(GF ) ⊆ Irr(GF ) of unipotent characters, that is, those
ρ ∈ Irr(GF ) which satisfy 〈ρ,Rw〉 6= 0 for some w ∈ W . Here, Rw is the virtual
character defined by Deligne and Lusztig in [6]. Our aim is to determine the values
of the unipotent characters at unipotent elements of GF . Note that, in terms of
the group GF , it is immaterial whether we start with the adjoint group G = Gad
or the simply connected group G = Gsc of type E6. Indeed, since k has character-
istic 3 and since the fundamental group Λ(C) of C is isomorphic to Z3, the group
Hom(Λ(C), k×) is trivial, so the center of Gsc is likewise ([14, 1.5.2]). Hence, we
obtain an isomorphism between GFsc and G
F
ad, see [14, 1.5.12]. For our purposes, we
can thus assume without loss of generality that G = Gsc is the semisimple, simply
connected group of type E6 over k.
2. Lusztig’s classification of unipotent characters
According to [23, 4.23], Uch(GF ) can be classified in terms of the following data,
which only depend onW and the automorphism σ : W →W , and not on the power
q of p. Denote by X(W,σ) a parameter set for the unipotent characters of GF :
(2.1) Uch(GF )↔ X(W,σ), ρ↔ xρ.
X(W,σ) is equipped with a pairing { , } : X(W,σ)×X(W,σ)→ Qℓ. Let Irr(W )
σ be
the set of all φ ∈ Irr(W ) which satisfy φ ◦σ = φ. Since σ is an inner automorphism
of W , this condition is always true, so we have Irr(W )σ = Irr(W ) and we can
henceforth drop the superscript σ. Let
(2.2) Irr(W ) →֒ X(W,σ), φ 7→ xφ
be the embedding defined in [23, (4.21.3)]. Let d 6 2 be the order of σ ∈ Aut(W )
and consider the semidirect product Wd := 〈σ〉 ⋉W , where σ · w · σ
−1 = σ(w) for
w ∈ W . Any irreducible representation Θ: W → GLn(Qℓ) can thus be extended in
d different ways to an irreducible representation Θ˜ : Wd → GLn(Qℓ). If d = 2 (that
is, we are in the case of 2E6(q) and σ is given by conjugation with w0), we have
Θ˜(σ) = δΘ(w0) where δ ∈ {±1}, and this determines the two extensions of Θ. Let
φ ∈ Irr(W ) be the character afforded by Θ. Then there is a corresponding σ-class
function φ˜[δ] : W → Qℓ, defined by φ˜[δ](w) = δφ(ww0) for any w ∈ W . We will
tacitly identify φ˜[δ] with the actual extension of φ, that is, the irreducible character
of Wd afforded by Θ˜. Let
Rφ˜[δ] :=
1
|W |
∑
w∈W
φ˜[δ](w)Rw (φ ∈ Irr(W ), d = 2).
Now, Lusztig defines another set X(W,σ) such that the pairing on X(W,σ) induces
a pairing { , } : X(W,σ) × X(W,σ) → Qℓ and the group of all roots of unity in
Q
×
ℓ acts freely on X(W,σ). The set of orbits under this action is in bijective
correspondence with X(W,σ). For any x ∈ X(W,σ), there is a corresponding
unipotent “almost character” Rx, defined by
Rx :=
∑
ρ∈Uch(GF )
{xρ, x}∆(xρ)ρ,
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where ∆(xρ) ∈ {±1} is a certain sign attached to ρ ∈ Uch(G
F ), see [23, 4.21].
Up to multiplication by a root of unity, Rx only depends on the orbit of x ∈
X(W,σ). By the description in [23, 4.19], it suffices for our purposes to consider
a finite subset of X(W,σ) which can be identified with X(W,σ) ×Md, where Md
denotes the group of all d-th roots of unity in Q
×
ℓ . With these notions, the scalar
products above are related as follows. We have {x, (y, a)} = a−1{x, y} for any
x, y ∈ X(W,σ), a ∈ Md. In particular, R(x,−1) = −R(x,1) for any x ∈ X(W,σ) (in
the case of d = 2). The above action of all roots of unity on X(W,σ) restricts to an
action of Md on X(W,σ)×Md which is given by (left) multiplication on the second
factor. Furthermore, the embedding Irr(W ) →֒ X(W,σ) induces an embedding
Irr(Wd) →֒ X(W,σ) × Md such that an extension of φ ∈ Irr(W ) is mapped to
(xφ, a), a ∈ Md. More precisely, given any φ ∈ Irr(W ), let us from now on denote
by φ˜ the “preferred” extension defined in [28, 17.2]. Then φ˜ is mapped to (xφ, 1)
under the embedding Irr(Wd) →֒ X(W,σ) ×Md, see again [23, 4.19]. Identifying
X(W,σ) with {(x, 1) | x ∈ X(W,σ)} ⊆ X(W,σ) × Md, we have Rφ˜ = Rxφ for
any φ ∈ Irr(W ) by [23, 4.24]. Since the “Fourier matrix” Υ := {x, x′}x,x′∈X(W,σ) is
hermitian and Υ2 is the identity matrix (see [21, §4]), we obtain
〈Rx, Rx′〉GF =
{
1 if x = x′,
0 if x 6= x′
(for x, x′ ∈ X(W,σ)).
It follows that
(2.3) ρ = ∆(xρ)
∑
x∈X(W,σ)
{xρ, x}Rx for ρ ∈ Uch(G
F )
(see [23, 4.25], note that the numbers {xρ, x} are all rational in the case of E6).
In particular, knowing the values of the unipotent characters of GF is the same
as knowing the values of the Rx. Now, Lusztig’s fundamental algorithm in [29,
24.4] yields expressions for the Rφ˜ (φ ∈ Irr(W )) as linear combinations of certain
class functions Yψ˜ (ψ ∈ Irr(W )). This is implemented in CHEVIE ([33]). Up to
a few signs, the values of the Yψ˜ can be computed. Hence, once these signs are
determined, the values of the Rφ˜ (φ ∈ Irr(W )) at unipotent elements of G
F will
be known. At least for the non-twisted group E6(q), the functions Rφ˜|GFuni were
computed explicitly in [34] by inducing characters from various smaller subgroups.
Now, we have |X(W,σ)| = |Uch(GF )| = 30 while | Irr(W )| = 25, see [3, p. 480]. In
order to solve the problem of computing the values of the 5 almost characters which
do not arise from irreducible characters of W , we make use of Lusztig’s theory of
character sheaves.
3. Character sheaves
Assume in this section that G is an arbitrary connected reductive group over Fp
(p > 0 any prime number), defined over Fq (q any power of p) with corresponding
Frobenius map F : G → G. In [23, 13.7], Lusztig conjectured that there is a
geometric analogue to the irreducible characters ofGF , giving rise to a further basis
of the class functions on GF which essentially coincides with the basis consisting
of almost characters. In the sequel, he developed the theory of character sheaves
[25]-[29], which was completed quite recently [32]. The results of Shoji [37], [38]
give an affirmative answer to Lusztig’s conjecture, at least if the center of G is
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connected. We begin by very briefly introducing some notions of this theory (only
those which are relevant for our purposes), for details see [12, §7], [11, 2.4-2.6] and
of course the main references [25]-[29], [37], [38].
Let Gˆ be the set of isomorphism classes of character sheaves onG. These are certain
irreducible perverse sheaves in the bounded derived category DG of constructible
Qℓ-sheaves on G (in the sense of [1]), which are equivariant for the conjugation
action of G on itself. (For the precise definition of Gˆ, see [25, 2.10].) Now, if
A ∈ DG, let F ∗A ∈ DG be the inverse image of A under the Frobenius map F .
Suppose that F ∗A is isomorphic to A and choose an isomorphism ϕ : F ∗A
∼
−→ A.
Then ϕ induces linear maps ϕi,g : H
i
g (A) → H
i
g (A) for i ∈ Z and g ∈ G
F , where
H ig (A) is the stalk at g of the ith cohomology sheaf of A. In turn, Lusztig [26, 8.4]
defines the characteristic function χA,ϕ ∈ CF(G
F ) associated with A (and ϕ):
χA,ϕ(g) :=
∑
i∈Z
(−1)iTrace(ϕi,g ,H
i
g (A)) for g ∈ G
F .
This is well-defined since only finitely many of the H ig (A) (i ∈ Z) are non-zero.
Note however that ϕ : F ∗A
∼
−→ A is only unique up to a non-zero scalar. Denote
by GˆF ⊆ Gˆ the F -stable character sheaves on G, i. e. those A ∈ Gˆ satisfying
F ∗A ∼= A. For A ∈ GˆF , an isomorphism ϕA : F
∗A
∼
−→ A can be chosen in such
a way that the values of the characteristic functions χA,ϕA are cyclotomic integers
and
〈χA,ϕA , χA′,ϕA′ 〉 =
{
1 if A = A′,
0 if A 6= A′
for A,A′ ∈ GˆF
(see [29, 25.6, 25.7]). The required properties for the ϕA (A ∈ Gˆ
F ) according to [29,
25.1], [27, 13.8], determine ϕA up to multiplication by a root of unity. Whenever
A ∈ GˆF , we will tacitly assume that an isomorphism ϕA : F
∗A
∼
−→ A as above has
been chosen, and we just write χA instead of χA,ϕA .
Furthermore, let Gˆ◦ ⊆ Gˆ be the set of “cuspidal character sheaves” on G defined in
[25, 3.10]. By [25], [39, §4] and since the results in [29] are known to hold in complete
generality ([32]), we obtain a characterisation of F -stable cuspidal character sheaves
which highlights the analogy to cuspidal characters of GF . Recall [19, 7.2] that a
regular subgroup L of G is an F -stable subgroup which is the Levi subgroup of
some (not necessarily F -stable) parabolic subgroup P of G, and RG
L
is “twisted
induction”, defined in [17]. Then we have
Gˆ
◦F =
{
A ∈ GˆF
∣∣ 〈χA, RGL (f)〉GF = 0 for any L ( G regular, f ∈ CF(LF )}.
Furthermore, the class functions on GF can be described via twisted induction and
cuspidal character sheaves of regular subgroups of G, see also [12, 7.11]:
(3.1) CF(GF ) = 〈RGL (χA0) | L ⊆ G regular and A0 ∈ Lˆ
◦F 〉Qℓ .
More precisely, it follows from [29, (10.4.5), (10.6.1)], [39, §4], that each character-
istic function of a cuspidal character sheaf of G is a linear combination of various
RG
L
(χA0) such that every L occuring in the decomposition has the same Cartan
type.
Finally, given w ∈ W , let Kw := K
L0
w ∈ DG be as defined in [25, 2.4] with re-
spect to the constant Qℓ-local system L0 = Qℓ on T. An element of Gˆ is called
a unipotent character sheaf if it is a constituent of a perverse cohomology sheaf
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pHi(Kw) for some i ∈ Z, w ∈ W . Denote by Gˆ
un the subset of Gˆ consisting of the
(isomorphism classes of) unipotent character sheaves on G. Now, the set X(W,σ)
in (2.1) also serves as a parameter set for Gˆun:
(3.2) X(W,σ)↔ Gˆun, x↔ Ax,
subject to a property involving the Fourier matrix ([29, 23.1]). With these notions
we can formulate the following theorem of Shoji which verifies Lusztig’s conjecture
under the assumption that G has connected center. As mentioned in [11, 2.7],
this holds without any conditions on p, q, since the cleanness of cuspidal character
sheaves is established in full generality ([32]).
Theorem 3.1 (Shoji [38, 3.2, 4.1]). Let p be a prime, q a power of p, G a connected
reductive group over Fp, defined over Fq with corresponding Frobenius map F : G→
G. Assume that Z(G) is connected and G/Z(G) is simple. Then Gˆun ⊆ GˆF and
for any x ∈ X(W,σ), Rx and χAx coincide up to a non-zero scalar.
4. Character values
The notation and assumptions are as in 1.1. In particular, G has trivial center
and we can apply Theorem 3.1. So there are scalars ξx ∈ Qℓ such that
(4.1) Rx = ξxχAx for x ∈ X(W,σ).
Since 〈Rx, Rx〉 = 1 = 〈χA, χA〉 for any x ∈ X(W,σ), A ∈ Gˆ
un, we know that
ξxξx = 1 for any x ∈ X(W,σ). By [28, 20.3] and [38, 4.6] there are two cuspidal
character sheaves A1, A2 for G, and both of them lie in Gˆ
un. Their support is
the unipotent variety Guni of G consisting of all unipotent elements in G. This
variety is the (Zariski-)closure of the regular unipotent conjugacy class Oreg, which
is the unique class of all x ∈ G with the property dimCG(x) = rankG = 6. In
particular Oreg is F -stable. Using [25, 3.12], we conclude that there exist irreducible,
G-equivariant Qℓ-local systems E1, E2 on Oreg such that F
∗Ei
∼= Ei and Ai =
IC(Guni, Ei)[dimOreg] for i = 1, 2. (“IC” stands for the intersection cohomology
complex due to Deligne-Goresky-MacPherson ([16], [1]), see [24].) Fix an element
u0 ∈ O
F
reg and set A(u0) := CG(u0)/C
◦
G
(u0). This is a cyclic group of order
3 generated by the image of u0 (see [35, §4] and [7, 14.15, 14.18]). Thus the
automorphism of A(u0) induced by F is the identity and the elements of A(u0)
correspond to the GF -conjugacy classes contained in OFreg (see, for instance, [9,
4.3.6]). In particular, there are 3 such classes. On the other hand, as described
in [38, 4.6], the Ai (i = 1, 2) correspond to the two non-trivial linear characters of
A(u0). Hence, by the construction in [31, 19.7], A1, A2 give rise to the following
two characteristic functions χ1, χ2, where θ is a primitive third root of unity, g an
element of GF and u0 (chosen as above), u
′
0, u
′′
0 are representatives of the G
F -
classes inside OFreg:
g /∈ OFreg g = u0 g = u
′
0 g = u
′′
0
χ1(g) 0 q
3 q3θ q3θ2
χ2(g) 0 q
3 q3θ2 q3θ
(The factor q3 = q(dimG−dimOreg)/2 ensures that the χi have norm 1.) Let x1, x2
be the corresponding elements of X(W,σ) according to (3.2), so that χi = χAxi ,
i = 1, 2. The proof of [28, 20.3] shows that the unipotent characters labelled
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by x1, x2 are indeed the cuspidal unipotent characters E6[θ], E6[θ
2] in the non-
twisted case, respectively 2E6[θ],
2E6[θ
2] in the twisted case (where we use the
notation in Carter’s tables [3, pp. 480-481] and θ is as above). Now suppose
x ∈ X(W,σ)\{x1, x2} does not arise from an irreducible character of W via the
embedding Irr(W ) →֒ X(W,σ) (2.2). We want to show that Rx (or, equivalently,
χAx) vanishes on all unipotent elements of G
F .
Lemma 4.1. Let x ∈ X(W,σ)\{x1, x2} be an element which is not in the image
of the map Irr(W ) →֒ X(W,σ) in (2.2). Then the characteristic function χx of the
character sheaf Ax is a linear combination of various R
G
L
(χA0) where L ⊆ G is a
regular subgroup of Cartan type D4 and A0 is a cuspidal character sheaf on L.
Proof. According to (3.1) and since we assumed Ax to be non-cuspidal, χx can
be written as a linear combination of suitable RG
L
(χA0) where the L ( G are
proper regular subgroups, all of the same Cartan type, and A0 ∈ Lˆ
◦F . First we
show that, given any proper regular subgroup L of G which is neither a torus nor
is of Cartan type D4, there are no cuspidal character sheaves for L. Using [28,
17.10], we can replace L by the semisimple group Lss := L/Z(L)
◦. Let L1ss, . . . ,L
r
ss
(r > 1) be the simple factors of Lss, so that the product map defines an isogeny
L
1
ss × . . . × L
r
ss → Lss. Note that, if r > 2, the only possible Cartan types for the
L
i
ss are A1, A2, A3, A4. Thus in order to prove our claim, we may assume that Lss
is simple (in view of [28, 17.11, 17.16]).
There are no cuspidal character sheaves for L of type D5, see the proof of [28,
19.3]. We claim that there are no cuspidal unipotent character sheaves for L of
type An with n > 1 as well. Indeed, Z(G) = Z(G)
◦ implies Z(L) = Z(L)◦ ([7,
13.14]) and, hence, Z(Lss) = {1}. Now PGLn+1(k) = GLn+1(k)/Z(GLn+1(k)) is
the semisimple adjoint group of type An, and the kernel of the corresponding central
isogeny f : Lss → PGLn+1(k) must be trivial. Applying the argument in [24, 2.10]
to f , we are reduced to the case where Lss = PGLn+1(k), n > 1. Hence, by [28,
17.10], it remains to note that there are no cuspidal character sheaves for GLn+1(k).
This is clear from the introduction in [24] since centralisers of invertible matrices
are always connected, so the group A(g) of components of the centraliser of any
g ∈ GLn+1(k) is trivial.
So χx can be written as a linear combination of R
G
L
(χA0) where either each L is
of type D4 or each L is an F -stable maximal torus of G. Assume, if possible,
that we are in the latter case, so χx decomposes as a linear combination of the
virtual Deligne-Lusztig characters RG
Tw
(θ) where w ∈ W , Tw is a torus of type
w with respect to T, and θ ∈ Irr(TFw). Since the unipotent characters form a
single geometric conjugacy class (see [3, §12.1]), we have 〈ρ,RG
Tw
(θ)〉GF = 0 for any
ρ ∈ Uch(GF ), w ∈ W and 1 6= θ ∈ Irr(TF ). It follows that 〈Rx, R
G
Tw
(θ)〉GF = 0
for any w ∈ W , 1 6= θ ∈ Irr(TF ) and, hence, χx = ξ
−1
x Rx is in fact a linear
combination of various Rw = R
G
Tw
(1) (w ∈ W ). However, the Rw correspond to
the GF -conjugacy classes of F -stable maximal tori in G, which in turn correspond
to the σ-conjugacy classes in W ([9, §4.3]). So there are | Irr(W )σ| = | Irr(W )|
many different Rw which contradicts the orthogonality of the class functions Rφ˜
(φ ∈ Irr(W )) along with χx. The lemma is proved. 
Proposition 4.2. If x, χx are as in Lemma 4.1, then χx(u) = 0 for any u ∈ G
F
uni.
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Proof. Let L be a regular subgroup of G of Cartan type D4, Lss = L/Z(L)
◦
and
π : L→ Lss the natural map. Lss has trivial center (see the proof of Lemma 4.1) and
thus is isomorphic to PSO8(k), the adjoint semisimple group of type D4. By [28,
19.3], all the cuspidal character sheaves of Lss have the same support, namely the
closure of the conjugacy class C ⊆ Lss of s0u0, where s0 is a semisimple element such
that C◦
L
(s0) is isogenous to SL2(k)
4 and u0 is a regular unipotent element in C
◦
L
(s0).
In particular, s0 6= 1. Now, the cuspidal character sheaves of L are supported by
the closure of π−1(C) (see [28, 17.10], [24, 2.10]), and π−1(C) does not contain
any unipotent elements. The cleanness of cuspidal character sheaves (see [29, 23.1])
implies χA0(v) = 0 for v ∈ L
F
uni whenever A0 is an F -stable cuspidal character sheaf
of L. Given any χ ∈ Irr(LF ) and g ∈ GF with Jordan decomposition g = su = us
(s semisimple, u unipotent), we have(
RG
L
χ
)
(g) =
1∣∣LF ∣∣∣∣C◦
G
(s)F
∣∣ ∑
h∈GF : s∈hL
∣∣C◦hL(s)F ∣∣ ∑
v∈C◦
hL
(s)F
uni
Q
C◦
G
(s)
C◦
hL
(s)(u, v
−1)·hχ(sv),
where Q
C◦
G
(s)
C◦
hL
(s) denotes the two-variable Green function, see [7, 12.2]. By linearity,
we can replace χ by χA0 in the above formula and we get
(
RG
L
(χA0)
)
(u) = 0 for
all u ∈ GFuni. Lemma 4.1 yields the result. 
Using (2.3) and (4.1), we thus obtain
(4.2) ∆(xρ) · ρ|GF
uni
=
∑
φ∈Irr(W )
{xρ, xφ}Rφ˜|GFuni +
2∑
i=1
{xρ, xi}ξxiχi|GF
uni
for ρ ∈ Uch(GF ). On the other hand, denote by ρx ∈ Uch(G
F ) the unipotent
character corresponding to x ∈ X(W,σ) in (2.1). Then the definition of Rx1 reads
Rx1 =
∑
x∈X(W,σ)
{x, x1}∆(x)ρx =
2
3
ρx1 −
1
3
ρx2 +
∑
x∈X(W,σ)\{x1,x2}
{x, x1}ρx.
As mentioned earlier, we have ρx1 = E6[θ], ρx2 = E6[θ
2] in the non-twisted case
and ρx1 =
2E6[θ], ρx2 =
2E6[θ
2] in the twisted case. It follows from [8] that
ρx1 = ρx2 since in either case ρx1 , ρx2 are the (only) cuspidal unipotent characters
with non-trivial character field. We get
(4.3) Rx1 =
2
3
ρx2 −
1
3
ρx1 +
∑
x∈X(W )\{x1,x2}
{x, x1}ρx.
Now recall that we started with an arbitrary u0 ∈ O
F
reg. We will now make a definite
choice for u0 ∈ U∩O
F
reg, depending on σ : W →W . Denote by ui = uαi (1 6 i 6 6)
the closed embedding k+ → G whose image is the root subgroup Uαi ⊆ U. We set
(4.4)
u0 := u1(1) · u2(1) · u3(1) · u4(1) · u5(1) · u6(1) ∈ U if σ = idW ,
u0 := u1(1) · u6(1) · u3(1) · u5(1) · u2(1) · u4(1) ∈ U if σ 6= idW .
Then u0 ∈ O
F
reg in either case.
Lemma 4.3. With the choices in (4.4), u0 is conjugate to u
−1
0 in G
F .
Proof. There is an isomorphism of abelian groups
k× ⊗Z Y (T)
∼
−→ T, ξ ⊗ ν 7→ ν(ξ).
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Since G is of simply connected type, we have Y (T) = ZR∨ = ZΠ∨, so every
element of T has the form α∨1 (ξ1) · . . . · α
∨
6 (ξ6) for some uniquely determined
ξ1, . . . , ξ6 ∈ k
×. In order to get the correct coefficients, first conjugate u0 by
t := α∨2 (−1)α
∨
3 (−1)α
∨
4 (−1)α
∨
5 (−1) ∈ T
F . Next, in analogy to the conjugacy of
Coxeter elements in a Coxeter group (following e. g. [4]), we can conjugate tu0t
−1
by a suitable product of various ui(ξi) (ξi ∈ k, 1 6 i 6 6) to obtain u
−1
0 . Ex-
plicitly, setting u := u6(−1)u5(−1)u6(−1)u4(−1)u5(−1)u6(−1)u1(1) if σ = idW ,
respectively u := u4(−1)u6(1)u1(1) in case σ 6= idW , we get (ut)u0(ut)
−1 = u−10
and u ∈ UF , so ut ∈ BF . 
For x 6= x1, x2, we have {x, x1} = {x, x2}. We evaluate (4.3) at u0, using the
Lemma:
Rx1(u0) =
2
3
ρx2(u0)−
1
3
ρx1(u0) +
∑
x∈X(W,σ)\{x1,x2}
{x, x1}ρx(u0)
=
2
3
ρx2(u
−1
0 )−
1
3
ρx1(u
−1
0 ) +
∑
x∈X(W,σ)\{x1,x2}
{x, x2}ρx(u0)
= Rx2(u0).
This in turn implies that
ξx1q
3 = ξx1χ1(u0) = Rx1(u0) = Rx2(u0) = ξx2χ2(u0) = ξx2q
3,
which also equals Rx2(u0). We deduce ξx1 = ξx2 = ξx2 , and then ξx1 = ξx2 ∈ {±1},
since ξx2ξx2 = 1. Hence we can rewrite (4.2):
(4.5) ρ|GF
uni
=
∑
φ∈Irr(W )
{xρ, xφ}Rφ˜|GFuni + ξ
2∑
i=1
{xρ, xi}χi|GF
uni
for ρ ∈ Uch(GF )
where ξ := ξx1 = ξx2 .
Remark 4.4. We have
Rφ˜(u0) =
{
1 if φ = 1W ,
0 if φ 6= 1W .
This follows from Lusztig’s algorithm in [29, §24] and the fact that the Green
functions associated to character sheaves considered there coincide with the Green
functions arising from Deligne-Lusztig characters by [37, 2.2]. Indeed, the preferred
extension of 1W is again 1W , so
R1˜W =
1
|W |
∑
w∈W
Rw = 1GF .
On the other hand, using the explicitly known Springer correspondence between
Irr(W ) and certain pairs (O, ϑ) where O ⊆ G is an F -stable unipotent class,
uO ∈ O
F , and ϑ an irreducible character of A(uO) (in this form, the Springer cor-
respondence is contained in CHEVIE [33]), we see that any non-trivial irreducible
character φ of W belongs to a pair (O, ϑ) such that O 6= Oreg. Since Oreg is not
contained in the closure of O whenever O 6= Oreg, the algorithm in [29, §24] shows
that Rφ˜(u0) = 0 provided φ 6= 1W .
We can now formulate the result.
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Proposition 4.5. The scalar ξ in (4.5) is +1, so we get
ρ|GF
uni
=
∑
φ∈Irr(W )
{xρ, xφ}Rφ˜|GFuni +
2∑
i=1
{xρ, xi}χi|GF
uni
for ρ ∈ Uch(GF ).
Proof. Evaluating (4.5) at u0 gives
(4.6) ρ(u0) = {xρ, x1W }+ ξq
3
2∑
i=1
{xρ, xi}.
To determine ξ, we consider the Hecke algebra of the group GF with its BN -pair
(BF , NG(T)
F ), that is, the endomorphism algebra
Hσ := EndCGF (C[G
F /BF ])opp
(“opp” stands for the opposite algebra). Hσ has a C-basis {Tw | w ∈ W
σ} where
Tw : C[G
F /BF ]→ C[GF /BF ], xBF 7→
∑
yBF∈GF /BF
x−1y∈BF w˙BF
yBF ,
for w ∈ W σ. Here, W σ ∼= NG(T)
F /TF is a Coxeter group with Coxeter generators
Sσ consisting of simple reflections corresponding to the orbits of the map Π → Π,
α 7→ α†. As already noted in 1.1, we can take SidW := S = {s1, . . . , s6} (si = wαi ,
1 6 i 6 6). If σ 6= idW , then Sσ := {s2, s4, s3s5, s1s6} gives rise to a Coxeter
system (W σ, Sσ) of type F4. Denote by ℓσ : W
σ → Z>0 the length function of W
σ
with respect to Sσ. Then the multiplication in Hσ is determined by the following
equations.
Ts·Tw =
{
Tsw if ℓσ(sw) = ℓσ(w) + 1
qsTsw + (qs − 1)Tw if ℓσ(sw) = ℓσ(w) − 1
(for s ∈ Sσ, w ∈W
σ).
Here, the qs (s ∈ Sσ) are the parameters of the Hecke algebra Hσ. If σ = idW , we
have qs = q for all s ∈ S while if σ 6= idW , then qs2 = qs4 = q, qs3s5 = qs1s6 = q
2,
see [20, p. 35], [18, (7.7)]. The irreducible characters of W σ naturally parametrise
both the isomorphism classes of irreducible modules of Hσ and the irreducible
characters of GF which are constituents of IndG
F
BF
(1BF ), see [5, §68 and §11D].
Given φ ∈ Irr(W σ), let Vφ be the module of Hσ and ρφ the irreducible character of
G
F corresponding to φ. By [10, 3.6] and [15, §8.4], we have
|Og ∩B
F w˙BF | =
|BF |
|CGF (g)|
∑
φ∈Irr(Wσ)
ρφ(g)Tr(Tw, Vφ)
for any g ∈ GF and w ∈ W σ, where w˙ ∈ NG(T)
F is a representative of w, Og
denotes the conjugacy class of g in GF and Tr(Tw, Vφ) is the trace of the linear
map on Vφ defined by Tw. In particular, the number
m(g, w) :=
∑
φ∈Irr(Wσ)
ρφ(g)Tr(Tw, Vφ)
is non-negative, for any g ∈ GF and w ∈ W σ. The character table of Hσ is
contained in CHEVIE [13], so the numbers Tr(Tw, Vφ) are known. Choosing g = u0,
(4.6) now reads
(4.7) ρφ(u0) = {xρφ , x1W }+ ξq
3({xρφ , x1}+ {xρφ , x2}) for φ ∈ Irr(W
σ).
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Let us first consider the non-twisted case E6(q), so σ = idW . By [23, 8.7], ρφ is
the unipotent character of GF corresponding to φ under the embedding Irr(W ) →֒
X(W,σ)↔ Uch(GF ) (see (2.1), (2.2)), that is, xρφ = xφ for any φ ∈ Irr(W ). Using
the notation in [3, p. 480], m(u0, w) is equal to
Tr(Tw, Vφ1,0)+
2
3
ξq3
(
Tr(Tw, Vφ80,7)+Tr(Tw, Vφ20,10)−Tr(Tw, Vφ10,9 )−Tr(Tw, Vφ90,8)
)
.
Choosing for w the Coxeter element w := s1s2s3s4s5s6, we obtain
0 6 m(u0, w) = (2ξ + 1) · q
6
which would be false if ξ = −1, so we must have ξ = 1.
Now assume that we are in the twisted case 2E6(q) (i. e. σ 6= idW ). Then the orders
in the tables in [3, p. 480-481] coincide with respect to the parametrisation (2.1),
see [22, 1.14-1.16]. Setting w := s2s4(s3s5)(s1s6) (a Coxeter element of (W
σ, Sσ)),
we get
m(u0, w) = Tr(Tw, Vφ1,0) +
2
3
ξq3
(
Tr(Tw, Vφ12,4 )− Tr(Tw, Vφ′6,6)− Tr
(
Tw, Vφ′′6,6
))
= (2ξ + 1) · q6
and this is non-negative, thus ξ = 1. 
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